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By S.Ackermann, Università degli studi di Napoli "Parthenope" and A.Vassallo,
Istituto Idrografico della Marina (Italy)
The three "Spheres Of Position" whose radius are the three
Geodimetrical distances or "Slope Distance" of GPS
A, B, C are three trigonometric points of known coordinates, and d1 d2, d3, are the
respective distances measured from the unknown point O; the equations of the
three spheres, with their centers at A, B, C and their radii d1 d2, d3, are given by
(1)
where the rectangular coordinates of the three known points are
Developing (1) with the statements
they can be written
(2)
In Figure 1, we show one of the many configurations of the system of trigonometric
points involved in the solution of the system (2); in Figure 2 we have a plain (plain
of the sheet) passing for the unknown station and normal to its vertical. The three
circumferences with radii r1 r2, r3, are respectively the traces on plain of the three
spheres of radii d1 d2, d3, and the points A', B', C are the traces of the respective
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Figure 1 Figure 2 
verticals of points A, B, C on the same plane.
The continuous line circumferences are relative to the distances without errors, while the dotted ones are
relative to the measured distances with a systematic error . 
The next step is to determine the two radical planes (intersection of the pair of spheres AB and the pair BC) 
which on plain determine the traces p1 and p2
(3)
the intersection of the radical line (3) (its trace on plain is the point T) with one of the three spheres above
gives two points, one of them is the sought point.
(4)
The equations' system (4) formalizes the intersection of the line (3) with one of the three spheres (see
equations (2)) to obtain the station's coordinates; actually it is better to put, in the system (4), the equation
of the sphere with the minor radius to have an intersection less sensitive to the errors in the measured
distances (radii of the spheres).
We now state
when replaced in (4) we get:
(5)





it can be written:





At this point, replacing (6b) and (7b) in the third equation of the system (5), we get an equation which is
function of Z 





we can write the quadratic equation
(10) aZ2-2bZ + c = 0 . 
The two solutions of equation (10) are
that, placed in (6b) and in (7b), will give the rectangular coordinates of two stations of which one is the
sought point.
X01, Y01, Z01 and X02, Y02, Z02
To demonstrate the validity of the method, let us proceed with a rigorous, hence with no errors, numerical
example, with the known station used only to calculate the three distances exactly.
Let the coordinates ED50 of the three points observed be
and the station's coordinates
transforming all of them into rectangular coordinates, we get
With the foregoing symbolism, we calculate the exact distances and we get
OA = d1 =57923,54634 m 
OB = d2= 43893,46675 m 
OC = d3 =47053,10306 m 
R1= 6370988,84592
R2 =6370227,67119
R3 = 6370103,19754 ; 
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using the previous values in the equations' system (4) we get:
following the declared (6a) and (7a) we get




and consequently we have the two solutions
Z01 =4109450,31880
Z02 =4108710,97906







Z 0 2 = 4108710,97906
To transform rectangular coordinates into geodetic coordinates, we use one of our formulary of rapid con-
vergence
and we get the coordinates of the two stations, one of which is the real one.
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In the case at hand, the negative elevation excludes the point 02; alternatively the two elevations could be
both positive, but a rough estimate of the elevation of the zone (contour line, for instance) will be sufficient
to choose the right point.
Repeating the procedure by introducing a systematic error of 1cm in the measured distances, we get
OA = d1= 57923,55634 m 
OB = d2 = 43893,47675 m 




and using the new values in the equations' system (4), we get
then, following the statements (6a) and (7a), we get
(1) - The bold numbers of the values of the last coordinates enhance the consequence of the introduced systematic error.
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so that the coordinates of the two points are:
X01 = 4700445,26129 X02 = 4699590,62798
Y01 =1261944,64039 and Y02 =1261746,19780
Z01 =4109450,67491 Z02 =4108710,62403 ; 
the same, in geodetic coordinates, are:
and
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Comparing the coordinates of the two points, the height of the second reveals that the point O1 is the good
one. As we can see, the geodetic accuracy in planimetry is kept, while the elevation is quite different from
the real elevation of the station. Anyway, that difference is acceptable in a trigonometric levelling.
In conclusion, with a systematic error on the distance of about 1 cm, we can state that it does not affect the
geodetic accuracy of the point; besides, the closer the distance values become, the more the influence of the
error on the sought point lessens.
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